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Abstract
We apply the noncommutative fields method to the three-dimensional non-Abelian gauge theory.
We find that, first, implementing the noncommutativity between the canonical momenta implies in
generation of the non-Abelian Chern-Simons term, second, if one introduces the noncommutativity
between the field operators, the higher derivative terms would arise.
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1
The noncommutativity is treated now as a fundamental quantum property of the space-time
geometry. Beside of the known scheme of introducing the noncommutativity via the Moyal
product [1], an alternative one was recently developed, that is, so-called noncommutative fields
method, in which, instead of the spacetime coordinates, fields themselves are noncommutative,
thus, the canonical commutation relations turn out to be deformed [2]. This method turned
out to be a new method of generating the Lorentz-breaking correction after it was shown that
the known Lorentz-breaking term initially introduced by Jackiw and Kostelecky [3] naturally
emerges within this formalism [4]. Further, the non-Abelian analog of this term was generated
via the noncommutative fields method [5], and in our paper [6], this method was applied to
generate the Lorentz symmetry breaking in the linearized gravity.
At the same time, the situation in three-dimensional space-time is different. Indeed, we
have shown in [7] that application of the noncommutative field method to three-dimensional
electrodynamics, instead of the Lorentz-breaking terms generates a gauge invariant mass term,
that is, the Chern-Simons term, with the mass turns out to be proportional to the noncommu-
tativity parameter [7]. We would like to notice that unlike of common perturbative approach
(see f.e. [8]), the essence of the noncommutative fields method consists in possibility to gener-
ate new terms without coupling to extra matter fields. The very natural development of this
study would consist in generalization of the noncommutative fields method for the non-Abelian
case, where it is natural to expect that not only quadratic term but also the interaction term
for the gauge field will arise. Different aspects of the Chern-Simons term, both in Abelian and
non-Abelian cases, such as non-trivial topological nature of this term [9] and quantization of
the Chern-Simons coefficient [10] were studied. In other worlds, it is natural to expect that in
this case, the three-dimensional non-Abelian Chern-Simons term
LCS =
1
2
mǫµνλtr(Aµ∂νAλ +
2
3
gAµAνAλ) (1)
will be generated. From the other side, we are planning to generalize the noncommutative
field method by introducing of a more general deformation of the canonical algebra which in
principle could imply in arising of the Lorentz-breaking terms. These problems are considered
in the paper.
Let us start our study of the three-dimensional Yang-Mills theory, whose action is
S = −
1
4
∫
d3xtrFmnF
mn, (2)
with the Fmn = F
a
mnT
a is a stress tensor constructed on the base of the Lie-algebra valued
gauge field Am(x) = A
a
m(x)T
a (with tr(T aT b) = δab, and [T a, T b] = fabcT c):
F amn = ∂mA
a
n − ∂nA
a
m + gf
abcAbmA
c
n, (3)
so, the Lagrangian, after splitting of the indices into time (zero) and space ones (denoted by
i, j, k) looks like
L = −
1
4
∫
d3xF amnF
mna = −
1
4
F aijF
a
ij +
1
2
(A˙ai − ∂iA
a
0 + gf
abcAbiA
c
0)
2. (4)
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Let the signature be diag(−++). First, we carry out the canonical quantization of the theory.
The canonical momentum of the theory is
pam =
∂L
∂A˙am
= F a0m. (5)
It is clear that pa0 = 0, so, we find the primary constraint Φ
(1)a = pa0. The velocities can be
expressed as
A˙ai = p
a
i − gf
abcAb0A
c
i + ∂iA
a
0. (6)
Thus, the Hamiltonian is
H = pai A˙
a
i − L =
1
2
pai p
a
i +
1
4
F aijF
a
ij + p
a
i (−gf
abcAb0A
c
i + ∂iA
a
0). (7)
The secondary constraint looks like
Φ(2)b ≡ ∆a = {pa0, H} = −
∂H
∂Aa0
= −(∂ip
a
i + gf
abcAbip
c
i) ≡ −D
ab
i p
b
i . (8)
This constraint evidently generates the gauge transformations:
δAai = {A
a
i ,
∫
d2~xξb(~x)∆b(~x)} = ∂iξ
a(~x) + gfabcAbi(~x)ξ
c(~x) (≡ Daci ξ
c(~x));
δpai = {p
a
i ,
∫
d2~xξb(~x)∆b(~x)} = −gfabcξb(~x)pci(~x), (9)
which evidently reproduces the known gauge transformation for the connection and stress
tensor. Here the Dac is a gauge covariant derivative.
It is easy to check that the primary and secondary constraints mutually commute,
{Φ(1)a,Φ(2)b} = 0. Further, one can find that {Φ(2)b, H} = 0, thus, no new constraints arise
(see also [11, 12] for discussion of the canonical structure of the theories with the Chern-Simons
term).
The canonical quantization of the theory can be carried out in a standard way, that is,
we define the canonical variables Aai and p
a
i to be operators with the commutation relation
[Aai (~x), p
b
j(~y)] = iδijδ
abδ(~x− ~y), with all other commutators of the canonical variables be zero.
Now, let us implement the noncommutative fields method. To do it, we deform the canonical
commutation relations to be
[Aai (~x), p
b
j(~y)] = iδijδ
abδ(~x− ~y);
[pai (~x), p
b
j(~y)] = iθijδ
abδ(~x− ~y);
[Aai (~x), A
b
j(~y)] = 0. (10)
Our aim is to deform the secondary constraint ∆b in a manner preserving the gauge transfor-
mations (9). It is easy to see that this can be achieved if we modify the secondary constraint
as
∆˜b = −(∂ip
b
i + gf
bcdAcip
d
i ) + θij(∂iA
b
j +
1
2
gf bcdAciA
d
j ). (11)
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This modification of the secondary constraint implies in the modification of the Hamiltonian
which acquires the form
H˜ =
1
2
pai p
a
i +
1
4
F aijF
a
ij + A
b
0θij(∂iA
b
j +
1
2
gf bcdAciA
d
j ). (12)
Then, we can introduce the canonical momenta
πai = p
a
i −
1
2
θijA
a
j , (13)
and they satisfy the commutation relation [πai , π
b
j ] = 0.
The new Lagrangian is
L˜ = πai A˙
a
i − H˜. (14)
Substituting the canonical momenta (13) and the modfified Hamiltonian (12) to this expression,
we find that the new Lagrangian can be written as
L˜ = L+∆L ≡ L−
1
2
θijA˙
a
iA
a
j − A
b
0θij(∂iA
b
j +
1
2
gf bcdAciA
d
j ). (15)
As a result, we find
∆L = θij(−
1
2
A˙aiA
a
j − A
a
0∂iA
a
j +
1
2
gf bcdAb0A
c
iA
d
j ). (16)
After an appropriate symmetrization, introducing θij = ǫ0ijθ, we find
∆L =
1
2
θǫµνλ(Aaµ∂νA
a
λ +
1
3
gfabcAaµA
b
νA
c
λ) =
1
2
θǫµνλtr(Aµ∂νAλ +
2
3
gAµAνAλ), (17)
which reproduces the structure of the well known non-Abelian Chern-Simons term, with the
mass is proportional to the noncommutativity parameter, just as in [7].
We can try to implement a more general deformation of the canonical algebra, that is,
[Aai (~x), p
b
j(~y)] = iδijδ
abδ(~x− ~y);
[pai (~x), p
b
j(~y)] = iθijδ
abδ(~x− ~y);
[Aai (~x), A
b
j(~y)] = iθ˜ijδ
abδ(~x− ~y). (18)
Let us impose again a requirement that the gauge transformations should have the form (9).
First of all, since θij and θ˜ij are constants, we suggest from the beginning that θij = θǫij ,
θ˜ij = θ˜ǫij .
To do it, let us suggest the following form of the modified secondary constraint which is the
most general expression of no higher than second order in canonical variables:
Φ(2)b = −∂ip
b
i + k1gf
bcdAcip
d
i + k2ǫij∂iA
b
j + k3ǫij∂ip
b
j + k4ǫijgf
bcdAcip
d
j +
+ k5gf
bcdǫijp
c
ip
d
j + k6gf
bcdǫijA
c
iA
d
j . (19)
Here the coefficients k1 . . . k6 depend on θ, θ˜.
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The corresponding variations of the fields look like
δAan = {A
a
n,Φ
(2)b}ξb = ∂nξ
a − k1gf
abcξb(θ˜ǫnip
c
i − A
c
n)− k2θ˜∂nξ
a + k3ǫni∂iξ
a +
+ k4gf
abcξb(θ˜pcn − ǫniA
c
i)− 2k5gǫnif
abcξbpci + 2k6gf
abcθ˜ξbAcn;
δpan = {p
a
n,Φ
(2)b}ξb = θǫni∂iξ
a + k1gf
abcξbpcn + k1θgf
abcǫniξ
bAci − k2ǫni∂iξ
a − k3θ∂nξ
a +
+ k4ǫnigf
abcξbpci + k4θgf
abcAcnξ
b + 2k5gf
abcθξbpcn − 2k6gf
abcǫniξ
bAci . (20)
We want these transformations to reproduce (9). For the variation of Aan this requirement
yields k3 = 0, k4 = 0, so, we will not consider these terms in the equation for δp
a
i . Also, we
find
k2θ˜ = 0; k1 + 2k6θ˜ = −1, k1θ˜ + 2k5 = 0. (21)
For the second equation, after substituting k3 = k4 = 0, we get
k2 = θ, k1 + 2k5θ = −1, k1θ − 2k6 = 0. (22)
Comparing these equations, we find that the variations of the fields (20) reproduce the form of
variations under the gauge transformations if and only if θθ˜ = 0. Hence, we must have either
θ˜ = 0, which is exactly the case studied above, or θ = 0. Thus, we conclude that we cannot
impose noncommutativity both in field and momentum sectors in a manner compatible with
the gauge symmetry.
It remains only to finish the study in the case when θ = 0. In this case, the modified
constraint is
Φ(2)b = −∂ip
b
i − gf
bcdAcip
d
i +
θ˜
2
gf bcdǫijp
c
ip
d
j , (23)
and the modified Hamiltonian is
H˜ =
1
2
pai p
a
i +
1
4
F aijF
a
ij + A
b
0[−∂ip
b
i − gf
bcdAcip
d
i +
θ˜
2
gf bcdǫijp
c
ip
d
j ]. (24)
Since commutation relations between momenta are not modified in this case, the momenta
pai continue to be canonical ones, whereas the coordinates – do not more. The correct ”new”
canonical coordinates, whose commutators are equal to zero, are
A˜ai = A
a
i −
1
2
θ˜ǫijp
a
j , (25)
with the ”old” velocities are related with momenta as
A˙bi =
∂H˜
∂pbi
= pbi + ∂iA
b
0 + gf
abcAa0A
c
i + gθ˜f
abcAa0ǫijp
c
j, (26)
which for θ˜ = 0 evidently reduces to the common expression (6). Unfortunately, this equation,
whose equivalent form is
pcj(δ
bcδij + gθ˜f
abcAa0ǫij) = A˙
b
i − ∂iA
b
0 + gf
bacAa0A
c
i (= F
b
0i), (27)
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cannot be solved exactly, we can use only iterative approach (however, we would like to point
out that this problem does not arises in the Abelian case where one finds pbi = F
b
0i). As a zeroth
approximation (which, however, is sufficient to find the corrections in the effective Lagrangian
up to the first order in θ˜), we can use the θ˜ = 0 expression for the canonical momentum pai
(5), thus, the Lagrangian L˜ = pai
˙˜
Aai − H˜ acquires a correction ∆L generated by modifications
both of the Hamiltonian and A˙ai . This correction, being expressed in terms of the canonical
momenta, looks like:
∆L = −
1
2
θ˜ǫijp
a
i p˙
a
j −
1
2
gf bcdAb0θ˜ǫijp
c
ip
d
j . (28)
This expresion is exact, without any approximations. After elimination of momenta, where we
must employ the approximate expressions for pai in terms of velocities, we find that
∆L = −
1
2
θ˜ǫijF
a
0iF˙
a
0j −
1
2
gf bcdAb0θ˜ǫijF
c
0iF
d
0j +O(θ˜
2). (29)
Thus, one can see that, as a result, the modified Lagrangian in the case of noncommuting field
operators involves higher derivatives (since F a0i contain first temporal derivative). The similar
conclusion, that is, generation of higher derivatives in the case of noncommuting fields (which
can be treated as UV limit of the theory, see discussion of scales in the noncommutative fields
method in [2]), was obtained in [13]. Also, we note that, as this correction to the Lagrangian
has quite ugly form, we can conclude that in this case, unlike of the case of noncommuting
momenta, we meet an explicit Lorentz symmetry breaking.
Let us discuss the results. We studied the generalized version of the noncommutative field
method, in which, differently from the most popular version [4, 5, 6] not only the commutation
relations between canonical momenta are deformed but also the commutation relations between
canonical field coordinates. The most important conclusions are the following ones. First,
one cannot deform these two canonical commutation relations simultaneously in a manner
compatible with the gauge symmetry. This fact can be treated as a need to choose between
study of the low-energy behaviour (which corresponds to deformation of commutation relation
between canonical momenta) and study of the high-energy behaviour (which corresponds to
deformation of commutation relation between canonical fields) with no possibility to consider
two limits at the same time. Second, in the low-energy limit the complete, non-linearized
Chern-Simons term is generated, which is a natural non-Abelian generalization of the result
obtained in [7] where the quadratic Chern-Simons term was generated for the electrodynamics,
with no Lorentz symmetry breaking terms arises in this case, and both the mass term and cubic
interaction term with a correct coefficient are generated. However, the new term arisen in the
high-energy limit turns out to break the Lorentz symmetry explicitly, and, moreover, it involves
higher derivatives as it was predicted in [13]. The natural treating of this result is that the
breaking of the Lorentz symmetry at high energies can be related to the GZK effect and many
other studies predicting Lorentz symmetry breaking namely for high energy scales (see f.e.
[14]).
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